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Abstract 

In group theory, given two groups G and H, it is possible to construct a new group from the Cartesian 

product of G and H, G × H. With this as a motivation, we replicate this concept in fuzzy group algebra. In 

this paper, we take a slight deviation from the familiar definition of fuzzy bigroup by looking at fuzzy 

bigroup from the idea of Cartesian product of groups. We define Cartesian fuzzy function on groups and 

give examples. We also define Cartesian fuzzy bigroup and study some of its basic properties. 
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Introduction 

Zadeh (1965) introduced fuzzy sets. Since 

then, this idea has been extended to many 

branches of mathematics. Fuzzy subsystems of 

algebraic structures have been introduced and 

extensively studied by several mathematicians. In 

particular, in the areas of fuzzy group theory, 

Rosenfeld (1971) introduced the notion of fuzzy 

subgroups. He gave the conditions for a fuzzy 

subsets of a non -empty set to be a fuzzy subgroup 

and discussed its characterization. 

Maggu (1994) was the first to introduce 

the notion of bigroup. He defined a bigroup and 

investigated whether or not those properties 

satisfied by groups are also satisfied by bigroups. 

These notions were further studied by (Vasantha 

and Meiyappan, 2003). These authors gave 

modifications of some results earlier proved by 

Maggu. Among these results were the 

characterization theorems for sub-bigroup. 

Meiyappan et al. (1998) introduced the notion of 

fuzzy union of any two fuzzy subsets of two 

distinct sets. They used this idea to define fuzzy 

sub-bigroup of a bigroup and studied its 

properties.  They further established the 

relationship between fuzzy subgroup of a group 

and fuzzy sub-bigroup of a bigroup. 

Akinola and Agboola (2012) pointed out the 

lapses observed in the fuzzy bigroup defined by 

Meiyappan et al. (1998). According to Meiyappan, 

if ),,( 21  GGG  is a bigroup, then γ: G→[0,1] 

is said to be a fuzzy sub-bigroup of the bigroup G 

if there exist two fuzzy subsets γ 1  (of G 1 ) and  γ

2  (of G 2 )  such that: (γ 1 ,+) is a fuzzy subgroup of 

(G 1 ,+),  (γ 2 ,∙)  is a fuzzy subgroup of G 2 ,∙), and γ= 

γ 1 ∪ γ 2 . Even though, this definition has a clear 

meaning from the context, it is observed that this 

can still be improved upon especially with the 

notation. (γ 1 ,+), and (γ 2 ,∙) in the definition look as  

if “+” and “∙”are operations defined on the fuzzy 
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sets 𝛾1 and 𝛾2 respectively. In this paper, we take 

a slight deviation from the familiar definition of 

fuzzy bigroup by looking at fuzzy bigroup from the 

idea of Cartesian product of sets (groups). We 

define Cartesian fuzzy function on groups and give 

examples. We also give conditions to be satisfied 

for Cartesian fuzzy function to be a fuzzy bigroup 

and study some of its fundamental properties. 

 

 

Preliminaries 

We present in this section some of the 

results we found useful in establishing our results 

in the next section. For details, please see the 

references. 

Note that fuzzy subgroup and fuzzy group are 

used interchangeably likewise fuzzy sub bigroup 

and fuzzy bigroup just like fuzzy set and fuzzy 

subset. 

Definition (2.1): A set (𝐺, +,∙) with two binary 

operations “+” and “∙” is called a bi-group if there 

exist two proper subsets 𝐺1 and 𝐺2 of 𝐺 such that 

(i) 𝐺 = 𝐺1 ∪ 𝐺2,  

(ii) (𝐺1, +) is a group, 

(iii) (𝐺2,∙) is a group. 

Definition (2.2): A subset 𝐻(≠  ) of a bi-group 

(𝐺, +,∙) is called a sub bi-group of 𝐺 if 𝐻 itself is a 

bi-group under the operations of " + " and " ∙ " 

defined on 𝐺. 

Theorem (2.3): Let (𝐺, +,∙) be a bi-group. If the 

subset 𝐻(≠  ) of a bi-group 𝐺 is a sub bi-group of 

𝐺, then (𝐻, +) and (𝐻,∙) are generally not groups. 

Definition (2.4): Let 𝐺 be a non empty set. A 

mapping 𝛾: 𝐺 → [0,1] is called a fuzzy subset of 𝐺. 

Definition (2.5): Let 𝛾 be a fuzzy set in a set 𝐺. 

Then, the 𝑡-level subset of 𝛾, denoted by 𝛾𝑡 is 

defined as: 𝛾𝑡 = {𝑥 ∈ 𝐺: 𝛾(𝑥) ≥ 𝑡} for 𝑡 ∈ [0,1]. 

Definition (2.6): Let 𝛾 be a fuzzy set in a group 𝐺. 

Then, 𝛾 is said to be a fuzzy subgroup of 𝐺, if the 

following hold: 

(i) 𝛾(𝑥𝑦) ≥ min {𝛾(𝑥), 𝛾(𝑦)} ∀ 𝑥, 𝑦 ∈ 𝐺; 

(ii) 𝛾(𝑥−1) = 𝛾(𝑥) ∀ 𝑥 ∈ 𝐺. 

Proposition (2.7): Let 𝐺 be a group with the unit 

element 𝑒 and 𝛾 be a fuzzy subgroup of 𝐺. For all 

𝑥, 𝑦 ∈ 𝐺, 

(i) 𝛾(𝑥) ≤ 𝛾(𝑒), 

(ii) 𝛾(𝑥) = 𝛾(𝑥−1), 

(iii) 𝛾(𝑥𝑦−1) = 𝛾(𝑒) ⇒ 𝛾(𝑥) = 𝛾(𝑦). 

Definition (2.8): Let 𝛾 be a fuzzy subgroup of 𝐺. 

Then, the level subset 𝛾𝑡, for 𝑡 ∈ 𝐼𝑚 𝛾 is a subgroup 

of 𝐺and is called the level subgroup of 𝐺. 

Definition (2.9): Let 𝛾1 be a fuzzy subset of a set 

𝑋1 and 𝛾2 be a fuzzy subset of a set 𝑋2, then the 

fuzzy union of the sets 𝛾1 and 𝛾2 is defined as a 

function 𝛾1 ∪ 𝛾2: 𝑋1 ∪ 𝑋2 → [0,1] given by: 


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
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Definition (2.10): Let 𝐺 = (𝐺1 ∪ 𝐺2, +,∙) be a 

bigroup. Then 𝜇: 𝐺 → [0,1] is said to be a fuzzy sub-

bigroup of the bigroup 𝐺 if there exist two fuzzy 

subsets 𝜇1(of 𝐺1) and 𝜇2(of 𝐺2) such that: 

(i) (𝜇1, +) is a fuzzy subgroup of (𝐺1, +), 

(ii) (𝜇2,∙) is a fuzzy subgroup of (𝐺2,∙), and 

(iii) 𝜇 = 𝜇1 ∪ 𝜇2. 

 

The Results  

The notations used in this section are 

conventional. × represents both the usual product 

of real numbers and Cartesian product of sets. In 

each case, the meaning is always clear from the 

context. 𝛬 stands for minimum as widely used in 

lattice theory. Let (𝐺,∗) and (𝐻,⋆) be groups. Let 

)1,0(,:, HG  be fuzzy subgroups of 𝐺 and 

𝐻 respectively. For any element 𝑔𝑖 ∈ 𝐺, let )( ig  

be a membership grade assigned to 𝑔𝑖 ∈ 𝐺 in (0,1). 

Similarly )( jh  denotes the membership grade of 

element jh   𝐻 in(0,1). 

Definition (3.1): Let )1,0(:  HG  be 

defined by )()(),( hghg    for Gg  and 

Hh ,   is called a Cartesian fuzzy function of 

the fuzzy groups   and  . 

)1,0(:),( GHgh  is defined in a similar 

way. 

Proposition (3.2): For any groups G and H , 

),(),( ghhg   . 

Proof: This is obvious since 

)()()()( ghhg    for Gg and Hh  

where )1,0()(),( hg  . 

 

Example (3.3): Let (𝐺,∗)  and (𝐻,  )  be groups as 

shown in the following Cayley table;                                    

 

 



 Fountain Journal of Natural and Applied Sciences: 2016; 5(2): 7 – 11 

9 
 

Cayley tables of (𝐺,∗) and (𝐻 ) 

 

 

 

 

 

 

 

 

 

 

 

 

Define a fuzzy set )1,0(: G  by 
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and another fuzzy set )1,0(: H  by:  

3.0)(,5.0)(,1)(  cae  . 

It is easy to see that both   and  are fuzzy 

subgroups of groups G  and H  respectively.  

The Cartesian products of the groups G  and H  

is given as; 

 

c)}(m,b),(m,a),(m,e),(m,c),(l,b),(l,                

a),(l,e),(l,c),(i,b),(i,a),(i,e),{(i, HG

 

 

By definition (3.1),  )1,0(:  HG  are given as; 

{
0.25,0.15,0.15,0.15,0.25,0.5,

0.15,0.15,0.25,0.5,0.24,0.24, 0.40,0.80,  

0.24}0.24,0.30,0.6,0.18,0.18,0.30,0.42,0.15,0.15,   

Proposition (3.4): For any groups G  and H

, Gghgee  ),,(),( 21   and Hh  where 1e    

is the identity element of G  and 2e  is the identity 

element of H . 

 

Proof:  Let )1,0(: G  and )1,0(: G  be 

fuzzy subgroups of groups G  and H  respectively.  

   )()(),( 2121 eeee   . By proposition (2.7), 

for any )()(, geGg G    and for any Hh , 

)()( heH   . Therefore, for 

)()()()(,, 21 hgeeHGhg   .  

Hence  ),(),( 21 hgee     

Definition (3.5): The Cartesian fuzzy function 

)1,0(:  HG  is said to be a fuzzy bigroup if 

1. ƞ(𝑔, ℎ) ≥ 𝛬{ø(𝑔1), ø(𝑔2)} ×

𝛬{𝜓(ℎ1), 𝜓(ℎ2)} for every 2121 , hhhggg 

in G  and H . 

2. ƞ(𝑔, ℎ) ≥ 𝜂(𝑔−1, ℎ−1). 

 In sequel, we denote the element (𝑥, 𝑦) of the 

cartesian product of 𝑋 and 𝑌 by 𝑥𝑦. 

 

 

 

 

 

 

 

Example (3.6): Let   and )1,0(,: HG  be 

fuzzy subgroups of (𝐺,∗)  and (𝐻,⋆)  respectively 

as defined in example(3.3). From the  same 

example, .5.0),( bm  

 

From the table, 

 
𝛬{ø(𝑖), ø(𝑚)} × 𝛬{𝜓(𝑒), 𝜓(𝑙)}

= 𝛬{ø(𝑖), ø(𝑚)} × 𝛬{𝜓(𝑎), 𝜓(𝑒) 
= 𝛬{ø(𝑖), ø(𝑚)} × 𝛬{𝜓(𝑏), 𝜓(𝑒)}

= 𝛬{ø(𝑙), ø(𝑙)} × 𝛬{𝜓(𝑒), 𝜓(𝑏)} 
= 𝛬{ø(𝑙), ø(𝑙)} × 𝛬{𝜓(𝑎), 𝜓(𝑐)}

= 𝛬{ø(𝑙), ø(𝑙)} × 𝛬{𝜓(𝑏), 𝜓(𝑒)} 
= 𝛬{ø(𝑚), ø(𝑖)} × 𝛬{𝜓(𝑒), 𝜓(𝑏)}

= 𝛬{ø(𝑚), ø(𝑖)} × 𝛬{𝜓(𝑎), 𝜓(𝑐)} 
= 𝛬{ø(𝑚), ø(𝑖)} × 𝛬{𝜓(𝑏), 𝜓(𝑒)}

= 𝛬{ø(𝑚), ø(𝑖)} × 𝛬{𝜓(𝑐), 𝜓(𝑎)} 
= 𝛬{ø(𝑛), ø(𝑝)} × 𝛬{𝜓(𝑒), 𝜓(𝑏)}

= 𝛬{ø(𝑛), ø(𝑝)} × 𝛬{𝜓(𝑎), 𝜓(𝑐)} 
= 𝛬{ø(𝑛), ø(𝑝)} × 𝛬{𝜓(𝑏), 𝜓(𝑐)}

= 𝛬{ø(𝑜), ø(𝑛)} × 𝛬{𝜓(𝑐), 𝜓(𝑏)} 
= 𝛬{ø(𝑜), ø(𝑛)} × 𝛬{𝜓(𝑎), 𝜓(𝑐)}

= 𝛬{ø(𝑜), ø(𝑛)} × 𝛬{𝜓(𝑏), 𝜓(𝑐)} 
= 𝛬{ø(𝑜), ø(𝑛)} × 𝛬{𝜓(𝑒), 𝜓(𝑏)}

= 𝛬{ø(𝑝), ø(𝑜)} × 𝛬{𝜓(𝑏), 𝜓(𝑐)} 
= 𝛬{ø(𝑜), ø(𝑛)} × 𝛬{𝜓(𝑐), 𝜓(𝑏)}

= 𝛬{ø(𝑜), ø(𝑛)} × 𝛬{𝜓(𝑎), 𝜓(𝑐)} 
= 𝛬{ø(𝑜), ø(𝑛)} × 𝛬{𝜓(𝑏), 𝜓(𝑐)}

= 𝛬{ø(𝑜), ø(𝑛)} × 𝛬{𝜓(𝑐), 𝜓(𝑎)}
= 0.15. 

 

Also, 
𝛬{ø(𝑖), ø(𝑚)} × 𝛬{𝜓(𝑐), 𝜓(𝑎)}

= 𝛬{ø(𝑙), ø(𝑙)} × 𝛬{𝜓(𝑒), 𝜓(𝑎)} 
= 𝛬{ø(𝑛), ø(𝑝)} × 𝛬{𝜓(𝑐), 𝜓(𝑎)} = 𝛬{ø(𝑝), ø(𝑜)} ×
𝛬{𝜓(𝑒), 𝜓(𝑏)} = 0.25,  

 and, 
𝛬{ø(𝑝), ø(𝑜)} × 𝛬{𝜓(𝑒), 𝜓(𝑏)}

= 𝛬{ø(𝑝), ø(𝑜)} × 𝛬{𝜓(𝑎), 𝜓(𝑐)} 
= 𝛬{ø(𝑝), ø(𝑜)} × 𝛬{𝜓(𝑏), 𝜓(𝑒)}

= 𝛬{ø(𝑝), ø(𝑜)} × 𝛬{𝜓(𝑐), 𝜓(𝑎)}
= 0.18 

G  G i l m n o p 

l 

 

i l m n o p 

l l m i p n o 

m m i l o p n 

n n o P i l m 

o o p n m i l 

  e a b c 

e e a b c 

a a e c b 

b b c e a 

c c b a e 
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It is easy to see that 

),(),(),( 2121 bbmmbm    for all 

21mmm   and 
21bbb   in G  and H  

respectively, also that ),(),( 11  bmbm  . 

It is a routine to see that 
𝜂(𝑔, ℎ) ≥ 𝛬{ø(𝑔1), ø(𝑔2)} × 𝛬{𝜓(ℎ1), 𝜓(ℎ2)} 

for every 
2121 , hhhggg   in G  and H  and 

),(),( 11  hghg  . 

Hence, )1,0(:  HG  is a fuzzy bigroup of 

the bigroup G  and H . 

Theorem (3.7): Let  and   be fuzzy subgroups 

of G  and H  respectively such that )()( gg    

and )()( hh    for every HGhg ),( . Let 

)1,0(:  HG  be a fuzzy bigroup of HG  

then; 

(i)    for every HGhg , , 

(ii)  the fuzzy function 

)1,0(:  HG  is also a 

fuzzy bigroup of the bigroup HG . 

Proof: (i) Since )()( gg    and )()( hh    

for every HGhg ),( , then 𝛬{ø(𝑔1), ø(𝑔2)} ×

𝛬{𝜓(ℎ1), 𝜓(ℎ2)} ≤ 𝛬{𝛼(𝑔1), 𝛼(𝑔2)} ×

𝛬{𝛽(ℎ1), 𝛽(ℎ2)}. 

Therefore 𝛼 × 𝛽 ≤ ø × 𝜓(ℎ). This implies that 
.   

Definition (3.8): Let )1,0(:  HG  be a 

fuzzy bigroup. The bilevel subset of the fuzzy 

bigroup    denoted by t  is defined as  

}),(:),{(: thgHGhgt    

for 𝑡 ∈ [0,1]. 

The following proposition is a direct consequence 

of Definition 3.8 and the conventional definition 

of level subset of a set. 

Proposition (3.9): Let t  be a 𝑡- level subset of 

the group 𝐺 and s  be a 𝑠- level subset of the 

group 𝐻, then: 

(i) t  is a 𝑡- bilevel subset of the bigroup 

𝐺 × 𝐻 if 𝑡 ≤ 𝑠 

(ii) s  is a 𝑠- bilevel subset of the bigroup 

𝐺 × 𝐻 if 𝑠 ≤ 𝑡. 

Proof: (i) For 𝑥 ∈ 𝐺 such that tx )( ,  then 

tx   and for 𝑦 ∈ 𝐻 such that sy )( ,  then 

sy  . Therefore, for 

.},min{

)}(),(min{),(,),(

tst

sxyxHGstyx



 
 

Hence, t  is a bilevel subset of the bigroup × 𝐻 . 

The proof of (ii) is similar. 

Theorem (3.10): The 𝑡- bilevel subset 

stt    of the bigroup 𝐺 × 𝐻 is a 𝑡-bilevel 

fuzzy sub bigroup of 𝐺 × 𝐻 if the following 

conditions are satisfied: 

(i) 0 ≤ 𝑠 ≤ 𝑡 ≤ 1  

(ii) for Imt  and ,Ims t  and s  

are fuzzy subgroups of 𝐺 and 𝐻 

respectively. 

(iii) )}(),(min{ 21 eet   
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where 
1e  and 

2e  are the identity elements of 𝐺 

and 𝐻 respectively. 

Proof:                
 

}),(:),{( tyxHGyxt    

 i.e. }),(:),{( tyxHGyxt    

 i.e. })(,)(:),{( tytxHGyxt    

Since 0 ≤ 𝑠 ≤ 𝑡 ≤ 1,  

})(,)(:),{( tytxHGyxt            

})(,)(:),{( sytxHGyxt    

 Let txx 21 , ,  and since t  is a fuzzy subgroup 

of 𝐺, then ø(𝑥1𝑥2
−1) ≥ 𝛬{ø(𝑥1), ø(𝑥2)}.  Also, for 

syy 21 , ,  since s  is a fuzzy subgroup of 𝐻, 

then 𝜓(𝑦1𝑦2
−1) ≥ 𝛬{𝜓(𝑦1), 𝜓(𝑦2)}.  

 

Therefore, 
ƞ(𝑥1𝑥2

−1, 𝑦1𝑦2
−1) = ø(𝑥1𝑥2

−1) × (𝑦1𝑦2
−1) 

≥ 𝛬{ø(𝑥1), ø( 𝑥2)} × 𝛬{ø(𝑦1), ø(𝑦2)}. 

 

It is easy to infer that )}(),(min{ 21 eet   

where 
1e  and 

2e  are the identity elements of 𝐺 

and 𝐻 respectively by proposition (3.4). Hence, the 

result follows. 
 

Conclusion 

We have been able to define fuzzy bigroup 

from the idea of Cartesian product of groups and 

construct example. We also discussed some 

fundamental properties of this fuzzy bigroup. 
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